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Abstract 
 
Using a variational Monte Carlo method, the interplay between antiferromagnetism and superconductivity is studied for the two-
dimensional Hubbard model with a diagonal transfer . It is found with a refined function that the optimized state is sensitive to the 
values of model parameters, , , and  (doping rate), and becomes a coexisting state or a pure superconducting (SC) state. SC 
properties in the coexisting state also undergo considerable changes around the crossover point  from a fragile BCS type 
for  to an unconventional one for , in which pairs are formed through local exchange or doublon-holon processes, 
but supercurrent flows separately with the doped holes. 
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1. Introduction 
 
In view of the proximity of antiferromagnetic (AF) and superconducting (SC) phases in cuprates, it is intriguing 
to study how the relationship between antiferromagnetism (AF) and superconductivity (SC) evolves as the interaction 
strength ( ) changes. The Hubbard model is suitable to tackle this theme, because this model can treat the whole 
range of  and has the possibility of exhibiting various phases. Relevant features were found in the previous studies: 
Compared with the  model, the Hubbard model has richer phases [1], and shows a crossover at  ( : 
bandwidth) where various SC properties undergo qualitative changes [2-4]. For , a fragile conventional BCS-
type SC arises, whereas, for , SC is robust, and has unconventional features as a doped Mott insulator such 
that the SC transition is driven by the gain in kinetic energy.  
In this work, we study the cooperation and/or competition between AF and -wave SC in the Hubbard model on 
the square lattice (  model), using an optimization variational Monte Carlo (VMC) method. This approach has an 
advantage in its applicability to the whole ranges of the model parameters with reliable accuracy. We focus on the 
interplay between the AF and SC orders when model parameters, , , and doping rate  are varied, and in 
particular check how the SC properties of a coexisting state of the two orders evolve at . Following the preceding 
work [1], we use a refined wave function, in which AF and d-wave gaps are simultaneously considered and the band 
used is renormalized owing to the electron correlations. Using this wave function, we reveal that the AF order is 
robust for low doping rates in wide ranges of  and , and SC for  coexists with AF for  but 
overcomes AF leading to a pure SC for . In this state, pairs are formed through repeated creation and 
annihilation of doublon(D)-holon(H) pairs, and only doped holes participate in conduction. 
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2. Method 
 
We consider a Hubbard model on the square lattice with a next-nearest-neighbour transfer , 
 
 
 
                                                                                                                                                                             (1) 
 
Here, the model with negative (positive)  corresponds to a hole-doped (electron-doped) high-  cuprate. To this 
model, we apply a VMC method using the correlated measurement [5], which efficiently optimizes the parameters in 
the whole ranges of  and . As a variational wave function, we use a Jastrow type -AF , where  
is the Gutzwiller (on-site) projector, and   the D-H binding factor [6]. Following the preceding work [7], we make 
three pivotal improvements in -AF: i) The coexistence of AF and d-wave gaps for continuously describing their 
interplay [8,9]. ii) The band renormalization effect owing to the electron correlation by adjusting the parameters of 
hopping integrals in -AF up to the fourth-neighbour sites, which is crucial for AF near half filling. iii) Refined D-H 
correlation factors, which more precisely control the effect of Mott physics near half filling [10].  
As the one-body part , we use a -wave singlet (BCS) state with a nearest-neighbour pairing gap  
for Ne electrons: 
 
                                                                                                                                                                           (2) 
 
 
where , and  denotes a tight-binding band up to the fourth neighbours, in which  
 etc. are optimized. An AF gap  is introduced through  as a Hartree-Fock band operator [9],    
 ,   ,                                    (3) 
where 
 
 
 
with ,  Brillouin zone, and  (the lattice constant is defined as unity);  
does not enter in   according to the form of a mean-field solution for the -AF order.  
In  , variational parameters to be optimized are , , , and the four hopping parameters such as  in 
. Note that a finite value of   does not necessarily mean the formation of a SC order in contrast to , and  is 
reduced to the chemical potential for . Besides the above seven in , 21 variational parameters exist in  
and  [7]. Using the optimization VMC techniques, we determine the optimal set of the 28 parameters by minimizing 
the energy. With the optimized wave functions, we calculate various quantities. Among them, we take notice of two 
quantities, namely, the staggered magnetization, , as the indicator of the AF long-range order, 
and the real-space -wave SC correlation function for the nearest-neighbor pairing defined by, 
 
                                                                                                                                                                             (5) 
 
where  or  according as  or . Here, we use the lattice constant as the unit of distance.  
 is almost independent of  with  for ; we use  at the farthermost distance  as 
the measure of SC order. We use the systems of  sites with periodic-antiperiodic boundary conditions. 
 
3. Results and discussion 
 
Plotted in Fig. 1 are the expectation values of  and  estimated with the optimized . The results for 
five values of  are shown in the separate panels each for various . For any , the  
dependence of AF order is relatively simple, namely,  is robust in the underdoped regime but rapidly decays as  
increases. In contrast, the SC order exhibits more complicated behaviour. As shown in Fig. 1(c) for   with 
arrows, grows from  to  exhibiting a dome shape, but shrinks for larger . This  dependence is 
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Fig. 1. The staggered magnetization  (open symbols) and pair
correlation function  (filled symbols) of  are plotted as a
function of  . The five panels show the results for different .
In each panel, the results for -  are compared. The
symbols for  are common to all panels. We set . The
arrows indicate the changes in  as  increases. To avoid
artificial irregularity, we show only the data satisfying the closed-
shell condition in  for small . 
 Fig. 2. U/t dependence of  (open symbols) and 
(filled symbols) for some values of doping rate . 
confirmed in Fig. 2;  has a maximum at approximately , around which the SC properties rapidly 
changes as will be discussed shortly. Because both  and  are finite, a coexisting state is realized in the 
underdoped regime. In the overdoped regime, however,  yields the result of  and , indicative of 
a pure SC state. The range of the mixed state of AF and SC remains on the electron-doped side ( ) as shown in 
Figs. 1(a) and 1(b), although the magnitude of  becomes small as  increases and the AF order tends to be 
predominant over the SC order.  
On the hole-doped side ( ),  for large  is still large in the overdoped regime, but becomes very 
small for small doping, especially for =10 and 16 as seen in Figs. 1(d) and 1(e). Keen competition between the two 
orders almost eliminates the coexisting area, and the AF and SC orders become mutually exclusive; the (pure) SC area 
is limited to the overdoped regime ( ) for .  It is important to notice that, in , the magnitude of 
 at half filling is reduced to zero regardless of  and 
, because  becomes a Slater (AF) insulator for 
small  at half filling. Consequently, the dome-shaped 
 appears even for  and . This is in 
contrast to the nonmagnetic case ( ) [3], in which 
 becomes the largest at  for , and 
monotonically decreases with . We will report details on 
this point elsewhere.  
Now, we check the crossover in SC properties around 
 discussed in Refs. [2,3], particularly in the coexisting 
regime. To this end, we calculate the energy gain, 
  
0 -AF
 
for the total energy and its components, i.e.,  tot, kin, int, 
and . Here, , 
and  with  being the Fermi sea: 
 in . In addition, it is useful for the analysis of 
conducting mechanism to divide the kinetic energy  into 
two components, , where  ( ) represents 
the contribution from the hopping processes that vary 
(preserve) the number of doublons, as shown in Fig. 3. 
Plotted in Fig. 4 are the results of energy gain as a function of 
 for two typical cases: (a)  in the weak interaction 
regime, where -AF  is stabilized by  term, and (b) 
 for strongly correlated regime, where the energy 
gain is obtained in the kinetic part, more strictly, in .  
To study this point in the mixed phase, we plot  
dependence of  and  for  and some  in Fig. 5. 
The behaviour of the two components changes around the  
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crossover point . For ,  remains finite even 
for  and behaves proportionally to 
irrespective of , indicating that these processes do not 
contribute to conduction. In contrast,  becomes almost 
independent of  and decreases almost linearly in  as  
decreases and eventually vanishes in the Mott insulating limit 
( ), which shows that only the processes of  contribute to 
conduction. Such behaviours of  and  are basically the same 
as those found for a pure d-wave SC and a pure AF state [3]. 
Here, it is interesting to notice that the absolute value of  for 
the mixed state -AF  in Fig. 5 remains large near , 
compared with that for the pure SC state shown in Fig. 17 in Ref. 
[3]. Namely, the processes of creation and annihilation of D-H 
pairs are encouraged in -AF , which readily support the AF 
order in this case. On the other hand, the absolute value of  
near  for -AF  is highly similar to that for the pure SC 
state (Fig. 17 in Ref. [3]). This similarity suggests that the AF 
order in the mixed state does not obstruct the conduction or 
itinerancy of carriers.  
For the weakly correlated regime ( ), both  and  
behave as  at least for large , as shown in Fig. 5, although such behaviour is unclear for  
and , where a normal-AF transition may arise. Anyway, the common behaviour of  and  indicates that the 
D-H binding is ineffective in this regime, and both hopping processes contribute to conduction in the same way, 
namely the behaviour of an ordinary Fermi liquid or a BCS-type SC is realized. In this case, the number of doped 
holes is in total disagreement with the carrier number, contrary to the experimental results in cuprates.  
In summary, we have discussed the interplay between AF and SC in the Hubbard model, using a sufficiently 
improved wave function: SC and AF ordered states become competing or coexisting, according to the values of model 
parameters, ,  , and , and various features noticeably change around the crossover point . 
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Fig. 4. The energy gain in the SC and/or AF transition is plotted as a function of doping
rate. Typical two cases of  are shown: (a)  in the weak interaction regime, and
(b)  in the strongly correlated regime. 
 
Fig. 5. Two components of kinetic energy,  (open
symbols) and  (filled symbols) as function of   for
six doping rates. The dash-dotted lines for large  [small
] are guides  [ const.]. The value of
 is fixed at 0.0. 
Fig. 3. Sketches of two kinds of hopping
processes that contribute to components of
kinetic energy,  and , respectively. The
former (latter) processes change (preserve)
the number of doublons.  
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